By a careful investigation of the model theory of modules over a special class of uniserial domains we give some (counter) examples to a decomposition of a serial module. For instance there is a uniserial module M over a uniserial domain that is not quasi-small. Also there is a projective non-free countably generated module over the endomorphism ring of M .
Introduction
The investigation of direct sum decomposition of rings and modules is a classical problem in modern algebra. But even for special classes of modules this task is far from being completely solved. A. Facchini's book [5] contains a list of open problems on decompositions of serial modules.
For instance, Dung and Facchini [3] have introduced the notion of a quasi-small module. The question whether a quasi-small module exists is included in the list of open problems in [5] .
In this paper we give an example of a uniserial module over a uniserial domain that is not quasi-small, answering this question. More precisely, we present a countably generated uniserial module M over a uniserial domain R such that M is a direct summand of a module (R/rR) (ω) for some 0 ̸ = r ∈ R. In particular M is pure projective hence we obtain a negative answer to the question from [10, Probl. 16 .32] (see also [10] ) on the structure of pure projective modules over a uniserial ring: not every such module is a direct sum of finitely presented ones.
It can be also derived from this example that there is a contably generated non-free module over a ring S = End(R/rR). Note that it has been shown in [4] that S has at most two maximal (right and left) ideals and [3] states that every finitely generated projective module over S is free.
All these result are obtained by an investigation of model theory for modules over a special class of uniserial domains. We say that a uniserial domain is nearly simple if it has only one nontrivial twosided ideal. Taking into consideration previous results by Facchini, Puninski, Eklof and Herzog, we completely describe the Ziegler spectrum (i.e. the topology on the set of indecomposable pure injective modules) over a nearly simple uniserial domain.
For instance the theory of all modules over such a domain R does not have Cantor-Bendixson rank. Also in a contrast to the commutative case, there is no superdecomposable pure injective module over R, although R does not have Krull dimension. This is in accordance with a conjecture made in [10, p. 395] .
We also completely describe the structure of pure projective modules over a nearly simple uniserial domain R. In particular there are only three indecomposable pure projective modules over R (each is uniserial) and every pure projective module over R is a direct sum of these. Nevertheless the uniqueness of a direct sum decomposition fails for countably generated pure projective modules.
Preliminaries
Let M be a module over a ring R and m ∈ M . Then ann(m)(R) = {r ∈ R | mr = 0} is clearly a right ideal of R. Similarly for r ∈ R, ann(M )(r) = {m ∈ M | mr = 0} is a subgroup of M .
A ring R is called right (left) semihereditary if every finitely generated right (left) ideal of R is projective. R is semihereditary if it is both right and left semihereditary. A ring R is said to be right (left) coherent if every finitely generated right (left) ideal of R is finitely presented. For instance every right semihereditary ring is right coherent.
A module M over a ring R is called uniserial if the lattice of submodules of M is a chain and M is serial if M is a direct sum of uniserial modules. A ring R is right (left) uniserial if the module R R ( R R) is uniserial. R is a uniserial ring if R is both right and left uniserial. Clearly every uniserial domain is semihereditary, hence coherent.
The Jacobson radical Jac(R) of a uniserial ring R is the largest (left and right) ideal of R, hence every uniserial ring is local. U(R) = R \ Jac(R) will denote the group of units of a uniserial ring R.
The following (Drozd-Warfield) theorem states that every finitely presented module over a uniserial ring is serial. A positive primitive formula (pp-formula) φ(x) over a ring R is an existentially quantified formula "∃ȳ = (
where A is an k × m matrix over R and b i ∈ R. In particular, a divisibility formula a | x is a pp-formula of the form ∃ y (ya = x), where a ∈ R. Also an annihilator formula is a pp-formula of the form "xb = 0", b ∈ R.
Given φ as above, we write
For instance for a divisibility formula a | x we have (a | x)(M ) = M a and for an annihilator pp-formula xb = 0 we obtain (xb = 0)(M ) = ann(M )(b).
The set of all pp-formulae over a ring R can be partially ordered by
The corresponding factor set is a lattice with respect to conjunction and +, where + is defined
The following is a variant of (particular) quantifier elimination over a uniserial ring.
is that for every left module K the induced morphism M ⊗ K → N ⊗ K is mono. A module M is called pure injective if it is injective with respect to pure monomorphisms. For instance every finite module is pure injective. For every module M there exists a "minimal" pure injective module PE(M ) containing M . This module is called a pure injective enevelope of M . In particular the natural inclusion M ⊆ PE(M ) is pure. By E(M ) we denote an injective envelope of a module M .
The Ziegler spectrum Zg R over a ring R is a topological space whose underlying set consists of the isomorphism types of indecomposable pure injective modules over R. It was shown by Ziegler that this set can be endowed with a topology by taking as a basis of open sets those sets of the form (φ/ψ) = {M ∈ Zg R | M opens (φ/ψ)}. This space is quasi-compact and every minimal pair is opened on unique indecomposable pure injective module M . Thus M is isolated by the pair (φ/ψ) in this case.
An epimorphism f : M → N is said to be pure if φ(M ) = f −1 (φ(N )) for every pp-formula φ(x). A module M is pure projective if it is projective with respect to pure epimorphisms. For instance every finitely presented module is pure projective.
Since by Warfield's result every pure projective module is a direct summand of a direct sum of finitely presented modules, Fact 2.1 yields the following.
Corollary 2.3 A module M over a uniserial ring R is pure projective iff
M is a direct summand of a module ⊕ i∈I R/r i R for some r i ∈ R.
A pp-type p is a set of pp-formulae that is closed with respect to finite conjunctions and implications. We say that a module M realizes a pp-type The notions of m-dimension and width for lattices can be found in [8, Ch. 10] . For instance the m-dimension of a lattice L is undefined iff L contains a suborder isomorphic to the rationals. Also L has width 1 iff L is a chain.
Uniserial rings
Given a uniserial domain R, L r (L l ) will denote the lattice of right (left) ideals of R ordered by inclusion. By definition, L r and L l are chains. R \ 0 acts on L r by left multiplication: r(I) = rI for 0 ̸ = r ∈ R and I ∈ L r . The corresponding factor set will be denoted by L r /R. For instance all principal nonzero right ideals of R are identified in L r /R and the zero ideal is not equivalent to R R .
Also the set L r /R contains more than two elements iff there is a nonprincipal right ideal of R iff R is not right noetherian. Since a uniserial domain R is right noetherian iff it is left noetherian, the last condition is right-left symmetric.
In fact this is a consequence of a more general symmetry.
Proof. Let I be a nonzero proper right ideal of R.
to L r /R can be defined similarly. By symmetry it suffices to verify that gf (I) = I. Indeed, let 0 ̸ = i ∈ I and J = J(i). Obviously i ∈ J and for I ′ = g(J) = I(i) we get i ∈ I ′ . Suppose that s ∈ I \ I ′ , therefore st = i for some 0 ̸ = t ∈ Jac(R). Since s ∈ I, it follows that t / ∈ J by definition of J. But since s / ∈ I ′ , hence i = st ′ for some t ′ ∈ J, we have a contradiction since t = t ′ .
Similarly let us assume that s ∈ I ′ \ I, hence st = i for some 0 ̸ = t ∈ Jac(R). Since
Let us recall some facts from the theory of pure injective modules over a uniserial ring. For a nonzero element m of an indecomposable pure injective module M over a uniserial ring R we set I = ann(m)(R) and J = {s ∈ R | m / ∈ M s}. Then I is a right ideal and J is a left ideal of R.
Fact 3.2 ([6]
, [9] ) Every indecomposable pure injective module M over a uniserial ring R is uniquely determined by a pair (I, J) which is constructed from any nonzero element m ∈ M . Indecomposable pure injective modules given by the pairs (I, J) and
We say that a pair (I, J) (with I a right and J a left ideal) of a uniserial ring R is admissible if (I, J) occurs as a pair for some indecomposable pure injective R-module M .
The following is a representation theorem for indecomposable pure injective modules over a uniserial ring. 
Lemma 3.4 Let R be a uniserial domain. Then every module of the form PE(I) is indecomposable.
Proof. Since I is a uniserial module, by Fact 2.5 it suffices to prove that the lattice of pp-subgroups of I is a chain. Indeed, by Fact 2.2 every ppsubgroup of I is a finite intersection of pp-subgroups of the form ( Proof. Suppose that Jac(R) is finitely generated as a right ideal. Since R is right uniserial, it follows that Jac(R) = aR for some a ∈ Jac(R) \ Jac
If aR ⊆ Rb for some 0 ̸ = a, b ∈ Jac(R), then Jac(R) = RaR ⊆ Rb is a twosided ideal, hence Jac(R) = Rb is a principal ideal, a contradiction.
If 0 ̸ = r ∈ Jac(R) then, since the ideals rR and Rr are incomparable, we have r = srt for some s, t ∈ Jac(R). If u ∈ Jac(R) is arbitrary then u = a 1 rb 1 + . . . + a n rb n for some a i , b i ∈ R. Since a i rb i = a i srtb i and a i s, tb i ∈ Jac(R), the ring Jac(R) is simple. 2
The following lemma states that the isomorphism type of a finitely presented module R/rR over a uniserial ring R is controlled by a twosided ideal RrR. So it is a reason why the decomposition of a finitely presented module over a uniserial ring into a direct sum of uniserials is unique (see [5, Thm. 9.5] ).
Lemma 4.2 Let R be a uniserial ring and r, s ∈ R.
Then the following assertions are equivalent:
Proof. 1) is equivalent to 2) by [5, L. 9 .17]. It is also clear that 2) implies 3).
3) ⇒ 1). We may assume that s = rg for 0 ̸ = g ∈ Jac(R). Since r ∈ RsR, it follows that r = a 1 rgb 1 + · · · + a n rgb n for some a i , b i ∈ R. If, for every i, R/rR is not isomorphic to R/rgb i R then by [5, L. 9 .18] we obtain a i rgb i ∈ Jac(R)r which obviously yields r = 0, hence s = 0.
Otherwise R/rR ∼ = R/rgb i R for some i. Since there are natural epimorphisms R/rgb i R → R/rgR → R/rR, as in [5, proof of Thm. 9 .19] we obtain that R/rR ∼ = R/rgR. 2 So the uniqueness of decomposition of finitely presented modules over a nearly simple uniserial domain is quite trivial.
Corollary 4.3 Over a nearly simple uniserial domain R, all modules R/rR,
Proof. Since RrR = Jac(R) for every 0 ̸ = r ∈ Jac(R), the result follows from Lemma 4.2. 2
Let us consider a particular example of a nearly simple uniserial domain (see [ 
For instance the identical transformation t is the unit of G. The group G can be left (hence right) ordered, where the generalized left cone P is given by P = {g ∈ G | g(ε) ≥ ε} for some irrational real number ε > 0. The corresponding positive left cone P + is defined as P + = {g ∈ P | g(ε) > (ε)}. Let F be an arbitrary field, Every nonzero element r ∈ R can be written as r = gu = vh for g, h ∈ P + and u, v ∈ U(R), in particular rR
Thus both these conditions can be interpreted geometrically: consider the intersection points of the lines g, h with the lines x = ε and y = ε.
For example let g = 2t + 1,
hence g, h ∈ P + and g ∈ h · Jac(R). On the other hand the intersection point of the line y = 2t + 1 with y = ε is (( Figure 1) .
Figure 1:
The Ziegler spectrum
Now we refine Fact 3.3 for nearly simple uniserial domains.
Lemma 5.1 Let M be an indecomposable pure injective module over a nearly simple uniserial domain R. Then one of the following possibilities holds true
Proof. Since R is a nearly simple uniserial domain, every nonzero twosided ideal of R coincides with Jac(R). Therefore every unfaithful module M over R is a vector space over a skew field
So we may assume that M is faithful and non-injective. By Lemma 3.3, M is a direct summand of the module PE(I) for some right ideal I of R.
But the module PE(I) is indecomposable by Lemma 3.4, hence M ∼ = PE(I).
2 The following proposition describes the underlying set for the Ziegler spectrum of R. Proof. The chain of principal right (left) ideals of R is dense by Lemma 4.1, hence (after removing 0 and R) order isomorphic to the rationals. The number of non-principal cuts on Q is equal to the number, 2 ω , of reals. Thus the quotient set L r /R has cardinality 2 ω . 2
The straightforward description of admissible pairs over a nearly simple uniserial domain R in Proposition 5.2 yields that many pp-formulae over R are identified. The following proposition completely describes the lattice of all ppformulae over a nearly simple uniserial domain. Figure 2 , where 0 ̸ = a, b, c, d ∈ Jac(R). In particular this lattice has no m-dimension and its width is equal to 2.
Proposition 5.6 Let R be a nearly simple uniserial domain. Then the lattice of all pp-formulae over R is drawn in
Proof. By Lemma 5.4 we have a | x ∧ xb = 0 → f | x for every 0 ̸ = f ∈ Jac(R), hence the former formula is equivalent to the formula f | x ∧ xb = 0. So the class of such formulae is linearly ordered by annihilator conditions, hence is isomorphic to the chain of principal right ideals of R. The pair (xbd = 0 ∧ a | x/xb = 0) is nontrivial since it is realized in the module (R/abdR, a).
In view of elementary duality the class of pp-formulae ab | xb is linearly ordered by divisibility conditions, hence is isomorphic to the chain of left principal ideals of R. Moreover, the pair (ab | xb/a | x) is opened on the module F , hence nontrivial.
Let us prove that the list of pp-formulae in Figure 2 is complete. Indeed by Fact 2.2 every pp-formula over R is a finite sum of pp-formulae a i | x ∧ xb i = 0. By the above remark we can leave in this sum only one pp-formula with 0 ̸ = a i , b i ∈ Jac(R). All remaining pp-formuae are either annihilator formulae or divisibility formulae, where all but one of each type can be removed. If there is a nontrivial divisibility formula then by Corollary 5.4 the pp-formula a | x ∧ xb = 0, 0 ̸ = a, b ∈ Jac(R) can be removed and we obtain either a pure divisibility formula, or a pp-formula of the form cd | xd. 
2
For a proper right ideal I of a unserial domain R let us define the coarseness of I, written c(I), as {r ∈ R | s / ∈ I, sr ∈ I for some s ∈ R}. Clearly c(I) is a right ideal of R. For instance c({0}) = {0}, c(rR) = Jac(R) for 0 ̸ = r ∈ Jac(R) but also c(Jac(R)) = Jac(R). Moreover c(rI) = c(I) for every 0 ̸ = r ∈ R.
So we are ready to describe a basis for the Ziegler spectrum over a nearly simple uniserial domain.
Proposition 5.7
The following pairs form a basis for Zg R over a nearly simple uniserial domain R:
Proof. Clearly (see Figure 1 ) every nontrivial pair of pp-formulae over R contains a subpair of the form 1), 2) or 3).
Since every point opened by the pair (xb = 0/a | x) has torsion and is not injective, 1) is clear. Also any pair from 2) is closed on every torsionfree point and on F . Suppose that the pair (xbd = 0/xb = 0) is opened on m ∈ E(R/I) and J = ann(mb)(R). Since E(R/I) ∼ = E(R/J), either rI = J or sJ = I holds for some 0 ̸ = r, s ∈ R, in particular c(I) = c(J). Since 1 = mb ̸ = 0 in E(R/J) and 1
we have d ∈ c(J) = c(I).
Also let d ∈ c(I), hence s / ∈ I, sd ∈ I for some s ∈ R. Let n ∈ E(R/I) be such that nb = s. Then nb ̸ = 0 and nbd = 0 in E(R/I).
Since every injective module is divisible, the open set (xbd = 0/xb = 0) coincides with (a | x ∧ xbd = 0/a | x ∧ xb = 0)
3) can be proved similarly. 2 The following corollary shows that there are many points in the Ziegler spectrum over a nearly simple unserial domain which can not be distiquished by their topological properties.
Corollary 5.8 Let R be a nearly simple uniserial domain. The following is a list of topologically indistinguishable points in Zg R : 1) E(R/I) and E(R/J) where c(I) = c(J); 2) PE(I) and PE(J) where c(I) = c(J).
In particular E(R/rR), 0 ̸ = r ∈ Jac(R) and E(R/ Jac(R)) are topologically indistinguishable.
Proof. If d ∈ c(I) \ c(J) then by Lemma 5.7 the pair (xd = 0/x = 0) opens on E(R/I) but is closed on E(R/J). Similarly if c(I) = c(J) then we can not distinguish these points by basic open sets.
2) is symmmetrical to 1). Since c(rR) = Jac(R) = c(Jac(R)), we have that E(R/rR) and E(R/ Jac(R)) are topologically indistinguishable (and not isomorphic). 
Corollaries
For 0 ̸ = r ∈ Jac(R) the module R/rR is torsion, non-injective and not isomorphic to F . Hence by Lemma 5.1, PE(R/rR) is a decomposable module. The following claim describes this decomposition.
Proposition 6.1 There is an isomorphism PE(R/rR) ∼ = E(R/rR) ⊕ F .

Proof. Let p be the pp-type of 1 in R/rR. Clearly a | x /
∈ p for all a ∈ Jac(R) and xb = 0 ∈ p iff b ∈ rR. In view of Lemma 5.4, cd | xd ∈ p for every 0 ̸ = c, d ∈ Jac(R). Moreover, p is uniquely determined by these conditions.
Let us consider an embedding R/rR → K = E(R/rR) ⊕ F , where 1 → (1, 1) . Clearly the pp-type of (1, 1) in K coincides with p, hence this embedding is pure. Therefore PE(R/rR) = N (p) is a direct summand of K.
Since PE(R/rR) is decomposable, it follows that PE(R/rR) ∼ = K. 2
The following proposition shows that RrR = Rr + rR for any element r of a nearly simple uniserial domain R (compare with Lemma 4.1).
Proposition 6.2 Let R be a nearly simple uniserial domain
Proof. Let M = R/rR, N = R/sR. It is well known that, as an abelian group, Ext(R/rR, R/sR) ∼ = N/N r. Clearly N r ⊆ Jac(N ) = Jac(R)/sR. Let us show that N r = Jac(N ). Indeed, if 0 ̸ = t ∈ Jac(N ) then s = th for some h ∈ Jac(R). Thus the pp-formula t | x ∧ xh = 0 is satisfied by t in N . By Lemma 5.4 we obtain t ∈ N r. 2 We note that for the remaining Ext's among indecomposable finitely presented R-modules we have Ext(R, R/rR) = 0 (since R is projective) and Ext(R/rR, R) = R/Rr.
It is known (see [10, Th. Proof. Since by Lemma 5.6, the width of lattice of all pp-formulae over R is defined, the result follows from [8, Thm. 10.9 
]. 2
The underlying set for the category of finitely presented modules over a nearly simple uniserial domain R consists of two points: R R and R/rR, 0 ̸ = r ∈ Jac(R). Nevertheless, this category is difficult to handle, since there are a lot of morphisms in there.
Corollary 6.4 Let R be a nearly simple uniserial domain and 0 ̸ = r ∈ Jac(R). Then the ring End(R/rR) is not local. Also there is no left almost split morphism in the category of finitely presented modules over R.
Proof. Suppose that the ring End(R/rR) is local. Then by [7, Exam. on page 535] the module PE(R/rR) is indecomposable, which it is not.
Since the source M of a left almost split morphism should have a local endomorphsm ring, the unique possibility for M is R R . But (see Figure 2 ) the formulae ab | xb, 0 ̸ = a, b ∈ Jac(R) form a chain whose union is x = x, a contradiction. 2
Pure projective modules
Let us make first an easy remark. Recall that a module M is locally coherent if every finitely generated submodule of M is finitely presented. M is coherent if M is finitely generated and locally coherent.
Remark 7.1 Every pure projective module over a uniserial domain R is locally coherent.
Proof. Since every uniserial domain R is right (and left) semihereditary, R is coherent. Hence by [12, Ch. 16 ] every module R/r i R is coherent, therefore every module ⊕ i∈I R/r i R is locally coherent. Then the same is true for any pure projective R-module. 2 In this section we describe the pure projective modules over a nearly simple uniserial domain. The first reduction is a consequence of Kaplansky's theorem. If R is a nearly simple uniserial domain, then by Corollary 2.3 and Corollary 4.3, every pure projective module over R is a direct summand of a module of the form R (α) ⊕ (R/rR) (β) . The following proposition allows us to split off direct summands of the form R R and R/rR in an arbitrary pure projective R-module.
Proposition 7.3 Let M be a pure projective module over a nearly simple uniserial domain
Proof. In this proof we use an idea from [3, Prop. 2.9]. Let us consider the module L = R R ⊕ R/rR. Its endomorphism ring is
where we use the identification Hom(R, R/rR) = R/rR. Since L is finitely generated, by [5, Thm. 4.30] there is a correspondence between pure projective modules over R (i.e. direct summands of L (γ) ) and projective right modules over S. The image of R R via this correspondence is a projective module Moreover, the annihilator of e 1 S is e 2 S, hence I = e 2 S is a twosided ideal of S. Let P be a projective module over S which corresponds to M . Then P/P I is a projective S/I-module, i.e. a projective R-module. Since R is a local ring, P/P I is a free module, i.e. P/P I ∼ = R (α) as an R-module. Thus P/P I ∼ = (e 1 S) (α) as an S-module, hence the epimorphism P → P/P I splits, i.e. P = P I ⊕ (e 1 S) (α) . This decomposition yields M = R (α) ⊕ L, where L corresponds to P I. It follows that L is a torsion pure projective module, hence a direct summand of a module of the form (e 2 S) (δ) .
Now it remains to apply [3, Prop. 2.9]. 2
Corollary 7.4 Every pure projective module M over a nearly simple uniserial domain R can be represented as
K is a direct sum of countably generated locally coherent divisible torsion modules.
Proof. By Fact 7.2 and Proposition 7.3 it suffices to prove that every (countably generated) pure projective module K over R with Jac(K) = K is a divisible torsion module. Let us prove first that every torsion element m ∈ K is divisible by any 0 ̸ = a ∈ R. Otherwise let mb = 0 for 0 ̸ = b ∈ Jac(R) and m / ∈ Ka. Then by Lemma 5.4, m / ∈ Kc for every 0 ̸ = c ∈ Jac(R). Also by the same lemma, mf ∈ Kef for every 0 ̸ = e, f ∈ Jac(R). Now clearly mR is a pure submodule of K, hence (as K, thus K/mR is pure projective) mR is a direct summand of K:
It remains to check that K contains no torsion-free elements. Suppose by way of contradiction that mR ∼ = R R for some 0
∈ Ke which contradicts the result just proved.
Thus the pp-type of every torsion-free element m ∈ K is indecomposable. Since K is pure projective, the pp-type p = pp K (m) is generated by a single pp-formula. Since mR ∼ = R and p is indecomposable it must be a | x. We choose n ∈ K such that na = m. Then the module nR is clearly pure in K, hence nR is a direct summand of K. But this is also impossible since Jac(K) = K. 2 Since every uniserial domain R is an Ore domain, we can define for any R-module M the torsion submodule T (M ) = {m ∈ M | ann(m)(R) ̸ = 0}. As the following corollary shows, the torsion submodule splits in every pure projective module over a nearly simple uniserial domain.
Corollary 7.5 Let M be a pure projective module over a nearly simple uniserial domain R. Then T (M ) is a direct summand of M .
Proof. In the decomposition of Corollary 7.4,
So it remains to characterize the countably generated divisible torsion locally coherent R-modules that are pure projective. In fact they all are. Proposition 7.6 Let M be a divisible torsion countably generated locally coherent module over a nearly simple uniserial domain R. Then M is pure projective.
Proof. Since M is countably generated, by [11, Thm. 3 .1 + Prop. 2.10] it suffices to check that M is atomic, i.e. every pp-type realized by a finite tuple in M is realized in some finitely presented module. So let m = (m 1 , . . . , m k ) ∈ M be a finite tuple. Choose some 0 ̸ = r ∈ Jac(R). Since M is divisible, there are n i ∈ M such that n i r = m i . If N is the submodule of M generated by n 1 , . . . , n k , then clearly m ∈ N Jac(R). Since M is torsion, by Lemma 5.4 we get that m realizes in N the same type as in M . But N is finitely presented, being a finitely generated submodule of a locally coherent module. 2
In fact there is only one (up to isomorphism) countably generated uniserial torsion pure projective module over a nearly simple uniserial domain (all such modules are divisible by Lemma 5.4). 
The construction of f 2i+2 is symmetrical. Then the union of the chain
Since M, N are divisible, the rest follows by Proposition 7.6. 2
The following is the main theorem of this section. 
, where K is (the unique) countably generated uniserial torsion locally coherent module over R.
Proof. 2) ⇒ 1) by Proposition 7.6. 1) ⇒ 2). By Corollary 7.4 we may assume that M is a countably generated divisible torsion locally coherent module. Clearly it suffices to prove that every m ∈ M is contained in a uniserial direct summand N .
Let M be represented as a chain Otherwise
r ∈ Jac(R) and we take r i = rs 1 
Let N be the submodule of M generated by m 1 , m 2 , . . .. Clearly N is a uniserial, countably generated torsion, hence divisible, module. We prove that N is a direct summand of M . Since N is a pure submodule of M , by Proposition 7.6 it suffices to prove that L = M/N is locally coherent. Let S ′ be a finitely generated submodule of L which is the image of a finitely generated submodule S of M with respect to the projection
So S ∩ N is finitely generated, being an intersection of finitely generated submodules of a locally coherent module. Then S ′ is coherent, being a factor of a coherent module by a finitely generated submodule. 2
Conclusions
Recall that a module M is called quasi-small if as soon as M is a direct summand of a module ⊕ i∈I M i , M is isomorphic to a direct summand of a module ⊕ i∈J M i for some finite J ⊆ I. Facchini 
Proof. K is pure projective by Proposition 7.6. Since K is torsion, K is a direct summand of a module (R/rR) (ω) . Since K is not finitely generated it is not quasi-small.
Let us represent K as a module with generators x 1 , x 2 , . . . and relations x 1 r = 0; x i+1 r = x i for every i ≥ 1. Then the submodule x n R = R/r n R of K is isomorphic to R/rR. By [2, Thm. 4.9] we obtain that K ⊕ (R/rR) (ω) ∼ = (R/rR) (ω) . 2 By [3, Cor. 2.8] if M is a uniserial module over an arbitrary ring and S = End(M ), then every finitely generated projective S-module is free. The following corollary shows that is not the case for a countably generated projective module. This answers a question posed in [3, after Cor. 2.8].
Corollary 8.2
Let R be a nearly simple uniserial domain and 0 ̸ = r ∈ Jac(R). Then there exists a countably generated projective non-free module over the ring S = End(R/rR).
Proof.
Indeed there exists an 1-1 correspondence between direct summands of the module L = (R/rR) (ω) and direct summands of the module S (ω) S . Since K is a uniserial direct summand of L and K ̸ ∼ = R/rR, the corresponding direct summand of S (ω) is a projective countably generated non-free module. 2
It has been shown in [3, Prop. 2.6 ] that if U is a uniserial module and U (I) = A⊕B then either A or B must contain a direct summand isomorphic to U . The decomposition (R/rR) (ω) ⊕ K ∼ = (R/rR) (ω) provides an example, that A may not contain such a summand (see question in [3, after Cor. 2.8]). Also it was asked in [10, Probl. 16 .32] whether every pure projective module over a serial ring is a direct sum of finitely presented modules. The example above shows that this is not true.
By [2, Prop. 4.8] a uniserial module M is not quasi-small iff for every m ∈ M there is an endomorphism f of M such that f (m) = m and f is not epi. It may be worth seeing how such endomorphisms of K can be constructed.
Lemma 8.3
Let K be a countably generated uniserial torsion locally coherent module over a nearly simple uniserial domain R. Then for every m ∈ K there is f ∈ End(K) such that f (m) = m and f is not epi.
Proof. Step 1. There is r ∈ R such that ∩ i Rr i ̸ = 0.
Choose an arbitrary 0 ̸ = s ∈ R. By Lemma 4.1 we have ts / ∈ sR for some t ∈ R, hence s = tsr for 0 ̸ = r ∈ Jac(R). Then s = tsr = t 2 sr 2 = . . ., hence s ∈ ∩ i Rr i ̸ = 0.
Step 2. There is s n ∈ ∩ i Rr i such that (1 − s n )r ∈ r n R. Let 0 ̸ = t ∈ I = ∩ i Rr i . By Lemma 6.2 we have Jac(R) = Rtr + r n R, hence r = utr + r n v for some u, v ∈ R. Clearly s n = ut is the desired element.
Step 3. Thus let (1 − s n+1 )r = r n+1 t for s n+1 ∈ ∩ i Rr i , hence s n+1 = r k r k−n−1 for every k > n, in particular r n+1 = s n+1 . Since r k+1 r k−n = s n+1 = r k r k−n−1 , we have r k+1 r = r k for every k > n.
Choose a representation for K as above (see proof of Proposition 8.1). It suffices, for every n ≥ 1, to find f n ∈ End(K) such that f n (x n ) = x n and f n (K) ⊆ x n+1 R.
Let us define f n by f n (x n ) = x n and f n (x k ) = x n+1 r k for k > n. We check that all the relations in K are preserved by f n .
First we verify that the relation x n+1 r = x n is preserved, i.e. f n (x n+1 )r = f n (x n ). We have f n (x n+1 )r = x n+1 r n+1 r and f n (x n ) = x n = x n+1 r. Since r − r n+1 r = (1 − s n+1 )r ∈ r n+1 R, we have x n+1 (r − r n+1 r) = 0 which is a required.
Similarly let us check that the relation x k+1 r = x k for k > n is preserved, i.e. f n (x k+1 )r = f n (x k ). Indeed f n (x k+1 )r = x n+1 r k+1 r = x n+1 r k = f n (x k ), hence the result follows. 2
The author is indebted to the referee and also to M. Prest for helpful comments.
